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Multistage Model for Distribution Expansion
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Abstract—This paper presents a model for use in the problem
of multistage planning of energy distribution systems including
distributed generation. The expansion model allows alternatives
to be considered for increasing the capacity of existing substations,
for installing new ones, for using distributed generation, and for
the possible change to feeders in terms of addition and removing
feeders sections; combining, subdividing, and load transfer between feeders; and replacement of conductors. The objective
function to be minimized is the present value of total installation
costs (feeders and substations), of operating and maintaining
the network, and of distributed generation. The model takes
operational constraints on equipment capacities and voltage limits
together into account with logical constraints, aimed at reducing
the search space. This paper presents: 1) an extension to the linear
disjunctive formulation to represent the inclusion, exclusion, and
replacement of branches and 2) a generalization of constraints
related to the creation of new paths which can be applied in
more complex topologies. The resulting mixed integer linear
model allows the optimal solution to be found using mathematical
programming methods, such as the branch-and-bound algorithm.
The validity and efficiency of the model are demonstrated in Part
II of this paper.
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Current of branch in the addition
network at stage and its maximum
.
capacity
Current vectors for the fixed,
replacement, and addition branches
at stage .
Generation at node at stage and
the substations’ maximum capacity.
Nodal-load shedding at stage .
Vector of nodal-load shedding at
stage .
Distributed generation at node at
stage and its maximum capacity.
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,

,

Column vector of the nodal injection
at stage .
Column vectors of the nodal voltages
at stage and their minimum and
maximum limits.
Investment cost at stage .
Operation cost at stage .

D. Parameters
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Nodal load at node at stage .
Vector of nodal load at stage .
Node-branch incidence matrix for
the fixed network.
Node-branch incidence matrix for
the replacement network.
Node-branch incidence matrix for
the addition network.
Impedance of the alternative
related to the branch of the fixed
network.
Initial and alternative impedances
related to the branch of the
replacement network.
Impedance of the alternative
of
the addition network.
Big number used in the inequalities
of the disjunctive constraints.
Number of network nodes at stage ,
excluding substations nodes.
Present value factors for the
investment and operation costs at
stage .
Operation cost of the alternative
related to the branch .
Investment and operation costs of
related to the
the alternative
replacement branch .
Investment and operation costs of
related to the
the alternative
addition branch .
Fixed and variable costs of a
substation located at node .
Load shedding cost at node .
Distributed generation cost at node
.
Total budget and budget at stage .
Number of stages of the planning
horizon.
Rate of interest for a time period.
Number of time periods up to stage
counted from a given time reference
(month or year).
Time periods of stage .

I. INTRODUCTION
HE problem of expansion planning to a distribution
system consists of determining the capacity, siting, and
timing of installation of new distribution equipment, taking
capacity restrictions on feeders, voltage drop, and demand

T

forecasts into account [1]–[4]. Initially, a number of authors
solved a simplified form of this problem, using a static planning
model with a fixed time horizon [5]–[8]. Their work resulted
in a formalization of the problem in a single stage, in which
the resources are introduced at one single time step over the
planning horizon. In general, a short-term planning horizon has
been used so that those investments are selected which correspond to the network’s immediate needs, since the uncertainty
in forecasts tends to increase as the time horizon increases.
Subsequently, the problem was adapted to deal with a longterm time horizon [9]–[13]. This approach resulted in a multistage formulation of the problem in which resources needed
for the planning horizon can be distributed according to the requirements determined at each stage. Network operators can
thereby accommodate the gradually increasing demand at minimum cost, using a long-term planning horizon. The investments
needed for the initial steps are effectively executed while the
investments for later stages are reevaluated in the future with
the use of updated forecasts. The planning horizon is therefore
dynamically advanced, with the initial stage always coinciding
with the time of execution (month or year).
The methods used to solve the expansion planning problem
can be divided into two categories: methods of mathematical programming and heuristic methods, including specialist
systems and evolutionary algorithms. Among the methods of
mathematical programming, the most widely used include mixed
integer programming [6], [7], [14]–[16], nonlinear programming [17]–[19], dynamic programming [20], [21], and linear
programming [22]. In this approach, it is possible to represent
the main restrictions explicitly (Kirchhoff’s laws, equipment
capacities, voltage drop, and budget) and to minimize fixed
and variable costs arising from installation and substitution of
equipment. Where mixed integer programming is used, practical
considerations frequently limit the number of solutions and
make the associated combinatorial problems computationally
tractable [23]. This, together with the possibilities both of
guaranteeing optimality and of using the computers resources
currently available, makes the approach very attractive.
Since 1980, much effort has been directed toward solving the
problem of planning distribution by the use of heuristic algorithms, which came to provide an alternative to mathematical
programming. Heuristic methods gained attention because they
can work in a straightforward fashion with nonlinear constraints
and objective function, although there is no guarantee that an
optimum solution can be found. However, in this approach, it is
also easy to introduce aspects, such as losses, reliability, and uncertainties. Notable among heuristic methods are the branch-exchange algorithms [8], [13], [24], [25] and algorithms based on
evolutionary computation [26]–[29]. Other heuristic methods
that have been used for the problem include specialist systems
[30], [31], the ant colony [32], simulated annealing [33], and
tabu search [34], [35].
This paper obtains the optimum solution to multistage planning problem through the use of mathematical programming
methods. The model considers the possible ways in which nodes
and branches of the distribution system may be modified, together with the use of distributed generation and various operational and financial constraints. Modifications to nodes include:
installation of new substations, upgrading substation capacities,
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utilization of distributed generation, and load shedding. Modifications to branches include installation, replacement, and removal of feeder segments. The paper also extends the disjunctive approach typically used in transmission expansion planning
with a dc load-flow network model [36], [37]. In formulating
transmission and distribution planning problems, nonlinear constraints are expressed in terms of the product of binary and continuous variables. In the classical approach, only the inclusion
or noninclusion of a branch is represented by means of a disjunctive formulation; with the approach given in this paper, the
removal and replacement of branches is also dealt with in this
way.
To reduce the size of search space in the mixed integer
problem in which the planned expansion is cast, the following
were introduced: 1) logical constraints which describe investment limitations; 2) fencing constraints obtained from
the Kirchhoff’s currents laws (KCL); 3) constraints on new
paths [38], which are generalized to allow their use with more
complex topologies.
This paper is organized as follows. Section II shows how the
optimization problem is modeled, with details of the objective
function and constraints imposed. Section III describes the load
and network models. This paper ends with a presentation of conclusions. In order to illustrate the effectiveness of the proposed
model, four different planning situations of a medium-voltage
distribution network are presented in the second part of this
paper [39].
II. PROBLEM FORMULATION
The problem of distribution system planning with a long-term
horizon has been modeled taking the following factors into account:
• the distribution network is composed of nodes at which
loads and sources are concentrated, and branches forming
connections between nodes, representing the feeders;
stages of known
• the planning horizon is divided into
duration, with the variables in the problem being associated
with each stage;
• two continuous variables are associated with each node:
one is the absolute value of nodal voltage and the other is
the current injection; one continuous variable, current flow,
is associated with each network branch;
• in each stage to the planning horizon, nodes may be modified by increasing the capacity and installing new substations; branches may be modified by conductors replacing
or by adding branch connecting nodes not previously connected;
• possible alterations to the network nodes and branches constitute a set of investment alternatives to be used in solving
the network expansion problem;
• associated with the execution of each investment alternative throughout the stages, there is a binary variable ,
having the value one when the alternative is selected at
stage and the value zero, otherwise;
• each type of alteration has investment costs associated with
; with adding a
replacing one branch by another one
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; and with increasing the capacity and
new branch
and
);
installing a new substation at a node (
• associated with the use of the available network branches,
there are binary variables , having the value one when
the alternatives are used at stage and the value zero, otherwise;
• all network branches have associated operational and
,
,
, and
);
maintenance costs
• the available capacities for distributed generation are taken
into account when defining the planned network expansion;
• in each stage, current injections, nodal voltages, and current flows satisfy Kirchhoff’s laws;
• load is represented by current injections with known values
for each stage;
• limits on conductor capacities, substation capacities, and
availability of distributed generation are taken into account
at each stage;
• voltage drops in the distribution network are calculated as
the product of branch current and branch impedance;
• objective function to be minimized is the present value of
investment and operational costs;
and on investment at
• limits are set on total investment
.
stage
Variables associated with the alterations defined for branch of
the fixed network are written with the superscript
. Variables
associated with possible alterations to branch of the replace. Variables asment network are written with the superscript
sociated with possible alterations to branch of the addition network are written with the superscript
. Variables associated
with expansion of the substation at node are written with the su. With this representation, the number of alterations
perscript
associated with each branch or node of the network can be defined, independent of the alterations defined for other branches
or nodes. Thus, some network branches may have just one possible alteration, others may have two, others three, and so on.
Variables showing whether investments should be selected
are grouped according to the type of alteration proposed: replacing the conductor of an existing branch (variables
);
addition of a new branch (variables
); installation of a new
substation or increasing the capacity of a substation at a node
(variables
and
, respectively). For each stage, the use of
available resources (already existing or previously installed) is
,
, and
)
associated with a set of binary variables (
with values one when the respective alternative was used at stage
.
Alterations to network branches defined a priori (addition, replacement, or removal) are easily incorporated in the model by
defined for each stage. For exmeans of limits on variables
ample, if alternative
of branch 5 was available during stage
three, the limits would be given by
and
. Thus, it would not be possible to use the alin the first two stages. Similarly, a priori alterations
ternative
defined for network nodes (substation capacities) can be introduced into the model by means of limits on existing capacities
defined for each stage.
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(1.3)
(1.4)

Fig. 1. Instants at which operational and investment costs come into effect in
the multistage problem.

The use of fictitious current injections
to represent load
shedding ensures that feasible solutions always exist even under
investment constraints. These constraints can therefore be defined for each stage and for the planning period as a whole,
without compromising the existence of feasible solutions to the
problem.
B. Constraints in the Problem

Thus, the expansion planning of distribution networks becomes a mixed integer problem (MIP), defined as follows.
A. Objective Function
The objective function for the network expansion problem
has two parts: the investment cost
and the operational
cost
, as shown in Fig. 1.
The investment cost is determined at the beginning of each
stage and is given by the cost of altering network branches (by
changing cross-sections of already-existing feeder sections or by
and
) and netinstalling newfeedersections denoted by
work nodes (by increasing the capacity of existing substations or
by installing new ones, denoted by
and
). The cost of
operation is considered at the beginning of each stage period and
corresponds to the annual operational and maintenance cost of
,
,
, and
),
network branches that are in use (
to energy that is not supplied
and to the additional cost of
.
energy supplied from distributed generation
When the planning horizon is divided into stages, the objective function to be minimized is the present value of costs distributed through time, and is given by the following expression:
(1)

(1.1)

(1.2)

The constraints are divided into four blocks arising from
Kirchhoff’s laws, from operational limits on equipment, and
from the availability of resources (financial limits). The first
block of constraints comes from imposing KCL at all stages
(2)
The second block of constraints comes from applying the
. For the
Kirchhoff’s voltages law (KVL), for all
network’s fixed branches, for branches that are candidates for
conductor replacement, and for branches that could be added,
we have
(3)
(4)
(5)
(6)
where the superscript T indicates the matrix transposition. It
should be noted that the existence of constraints (3)–(6) depends on the variables
,
,
, and
, which determine whether resources are used. The constraints only operate when the respective utilization variable has value one (indicating that it is used in the stage). This condition is implemented by multiplying the constraint by the corresponding utilization variable. Nonlinearities are thereby introduced into the
model through multiplication of the utilization variables by the
currents ( ,
, and
) and by the voltages . This nonlinearity is avoided by adopting an extension of the linear disjunctive model successfully used in planning the expansion of
transmission networks [36], [37]. With this novel formulation,
the resulting problem becomes linear and can be solved directly
using classical optimization methods without applying decompositions or heuristic methods. In the application proposed in
this paper, the following functional relationships are used.
• For each branch, various possible configurations are considered in terms of different cross sections and structure
type with only the most appropriate being selected.
• At any stage, the removal of obsolete branches is considered, with feeders divided into sections.
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Equations (3)–(6) are therefore substituted by the following
disjunctive versions given by:
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The limits on investment for each stage and for the entire
planning horizon, are given by the following expressions:

(3.1)
(4.1)
(16)
(5.1)
(6.1)
When a variable in (3.1)–(6.1) is zero, the respective conis big enough for both inequalities
straint is relaxed, since
to always be satisfied for the possible values of . When has
value one, the inequalities (3.1) to (6.1) work in the same way
as their counterpart inequalities in (3)–(6).
The third block of constraints includes the operational limits
on equipment and the limits on available investment. Limits on
depend on the use of available
branch currents for
resources and are given by

(17)
The fourth block consists of logical constraints, expressed
in terms of the investment and utilization variables, given as
follows.
• To avoid more than one change in conductors, only one
alteration is permitted for each branch candidate for substitution or addition

(7)
(18)
(8)
(9)

For the substations, the limits to current injections for
depend on available capacity and on investments in
increasing the substation capacity undertaken at each stage, and
are given by

(19)

• Each investment in the substations can be affected, at the
most, once
(20)
(21)

(10)
For nodes with capacity for distributed generation, current independ on the capacity available
jections limits for
at each stage, and are given by
(11)
The remaining operational limits are the maximum load shedding and the range of acceptable values for the nodal voltages at
substations and at nodes where loads or generation are installed
for
(12)
(13)
(14)
(15)

• Investments in an increase in capacity of substations may
only be considered after fixed costs have been affected
(22)
• The fixed network can only be used when it is available
(23)
• Branches that are candidates for replacement may only be
used after the corresponding investment has been made
(24)
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• Investment in any replacement alternative excludes the
possibility of using the initial configuration for that branch

(25)
Fig. 2. New path defined for a bridge node with two adjacent branches.

• Branches that are candidates for addition may only be used
after the relevant investment has been made
(26)
• Closed paths (meshes) must be avoided

Fig. 3. New path defined for a bridge node with three adjoining circuits.

(27)

Equation (27) is obtained from the consideration that a ranodes ( nodes for the network plus
dial feeder with
one node for the substation) always leads to a tree having at
most
branches [40]. In this way, the inclusion of additional
branches would give rise to closed paths in the network. A distribution network containing several radial feeders and substations
can be considered as a forest, for which the maximal number of
branches is equal to the total number of nodes in the network excluding substation nodes. To ensure that the network obtained is
always radial, it may be necessary to add constraints with specific information about the topology of the network under analysis. Considering the diversity of situations encountered, this
task can be relatively complex. A simpler strategy was used in
this paper which consisted of limiting the total number of active branches at each stage to be less than or equal to the total
number of active network nodes at this stage, given by (27). In
tests performed so far, the constraint (27), together with additional constraints (new-path and fencing constraints), were sufficient for radial solutions always to be obtained.

The way in which constraints on new paths work is illustrated
by the simple example in Fig. 2, in which the bridge node
(without load or generation) has only two adjacent branches,
and
, respectively,
with utilization variables given by
for the branches
and
.
Fig. 2 shows that there is no advantage in separately using
and
, since the node
has no load or
the branches
generation. When these branches are used simultaneously, the
nodes
constitute a path. Thus, the alternatives for
using this path must respect the following constraint associated
with the bridge node :
(28)
When the bridge node
has three adjacent branches as
combinations exist for utilizing the adshown in Fig. 3,
joining branches, of which three combinations are useless
(when only one of the branches
,
, or
is used). The
constraints defining acceptable combinations for the network
are then

C. Additional Constraints

(29.1)

In addition to the aforementioned constraints, a set of additional constraints may be introduced. These additional constraints are based on knowledge of electrical power networks.
Two classes of constraints were used in this paper, related to the
addition of new paths [38] and to the addition of fencing constraints [41].
1) New-Path Constraints: A new path consists of two or
more branches connected in series representing a valid investment and creating a connected path between two or more nodes
of a distribution network. During the optimization process, the
variables associated with a single path are used independently,
without reference to the fact that they are complementary. However, a new path is only created when a suitable combination of
branches is used simultaneously since the lack of a single component breaks the series circuit.

(29.2)
(29.3)
Introduction of the equality constraint (28) removes two of
the four alternatives for using the path shown in Fig. 2 which
includes the node , and is equivalent to removing one binary
or
). Simultaneously adding the constraints
variable (
(29) removes three of the eight alternatives for using the path
shown in Fig. 3. In the general case, a bridge node with adjautilization combinations, and inequality
cent branches has
constraints on new paths can be included so as to eliminate
of these alternatives. Although reducing the complexity of the
problem of using new-path branches is equal to
, in practice, it is found that is less than or equal to four branches.
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TABLE I
INVESTMENT ALTERNATIVES FOR THE PATH OF FIG. 2
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TABLE II
FEASIBLE INVESTMENT ALTERNATIVES FOR THE PATH OF FIG. 2

Thus, the benefit from using constraints on new paths is substantial and contributes to reducing the problem size.
For those branches having more than a single alternative, the
sum of the utilization variables for each stage must be used
instead of the variables
,
, and
: that is,
for branches of the fixed network,
for branches of
for branches of the
the replacement network, and
addition network. This concept can be extended still further for
paths having two or more bridge nodes, when it is applied to
each bridge node of the path.
Considering the three investment alternatives for branches of
the new path in Fig. 2 shown in Table I, there are
combinations for the six binary investment variables. Imposing the
constraints (18) and (19) reduces the number of combinations
to , as in each branch, only one investment may be selected.
Considering the investment alternatives in Table I, there are
six attractive investment alternatives among the 16 possibilities
shown in boldface in Table II. The path capacities
, investment variables, and costs of all investment possibilities are
also shown in the columns of Table II.
The nonattractive combinations can be eliminated by means
of the following constraints:

Fig. 4. Fencing constraints around the node n1.

must be connected to the network,
extreme nodes of branch
the type 2 fencing constraint is given by

(32)

(30.1)
(30.2)
(30.3)
(30.4)
2) Fencing Constraints: Fencing constraints are a generalization of KCL and form part of a heuristic methodology
for transmission expansion planning known as the “Fencing
Method” [40]. Fig. 4 shows the three kinds of fences used in
this paper: 1) around a single node (Type 1); 2) around one
node and neighboring node (Type 2); and 3) around a node and
its entire neighborhood (Type 3).
in Fig. 4 has a current injection (load or
When the node
must be connected to
generation) different from zero, so that
the network, the type 1 fencing constraint is given by
(31)
When there is a nonzero injection to one of the extreme nodes
(nodes
or ), so that at least one of these
of the branch

When there is a nonzero injection at node
or at one of its
or ), so that at least one of the nodes ,
neighbors (nodes
,
must be connected to the network, the type 3 fencing
constraint is given by
(33)
As noted in the aforementioned discussion on new path constraints, when branches have more than one investment alternative, instead of using the variables
,
,
,
, and
, the sum of the utilization variables must be used at each
stage.
III. LOAD AND NETWORK REPRESENTATIONS
The load and network model used in this paper is adapted
from the dc load-flow linearized network model given in [37].
In the dc load-flow model [37], power injections, phase angles
of nodal voltages, and branch reactances are used; instead, the
formulation presented here uses current injections, magnitudes
of nodal voltages, and the absolute value of branch impedances.
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Fig. 5. Part of a network.

The voltage drop in a branch is given as the product of the absolute values of the impedance and the current flow. For the branch
shown in Fig. 5, the following expressions (in per unit) are
obtained from the KCL and the KVL, respectively:
(34)
(35)
The constraint (2) is obtained from (34); the constraints
(3)–(6) are obtained from (35). In the networks that have been
analyzed, mean errors in the magnitudes of nodal voltages
obtained using this approximate model were adequate for
the study objectives, when compared with the solution for
load flow. In addition, it becomes possible to relate voltage
magnitudes to current flows by means of a linear equation.
Thus, in the proposed load and network model, the inclusion of
constraints on voltage drop does not increase the complexity
of the optimization model. If the classical (ac) load-flow model
had been used, the optimization problem would have to handle
nonlinear equations making the solution extremely difficult.
IV. CONCLUSION
The multistage optimization model presented in this paper
proved to be wide ranging and flexible. It made it possible to
consider the most common alteration to a distribution network:
1) change in the cross section of already-existing conductors (replacement); 2) insertion of new branches with different crosssections (addition); 3) installation of new substations; 4) increasing the capacity of existing substations; 5) use of available
capacity for distributed generation; and 6) long-term planning
horizon.
The simplification used in representing KVL allowed an optimization model to be formulated in which all constraints were
linear, by means of the linear disjunctive model. The resulting
linear model was solved by means of optimization software
based on the branch-and-bound method to obtain the best solution. Although the problem may have a large number of binary variables, the introduction of logical constraints (18)–(27)
and of additional constraints (28)–(33) significantly reduced the
search space, ensuring that the mixed integer problem was computationally tractable.
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